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1 Introduction

| learned about this “trick” in a lecture by John Conway a nembf years ago. He
calls it “Rational Tangles” and there is plenty of infornmatiabout it on the internet.
Since then | have used it myself in classrooms of studentsddlmschools and older.
The underlying mathematics is very interesting, but it ismeressary that the students
understand the mathematics to get a lot out of the trick.

This document is intended for teachers and includes somegpgital advice on how
to use Conway’s trick to teach the students something abathematics.

The idea is that we can associate a number with a tangle ofdp@srand that by per-
forming a sequence of two simple operations, we can untdhgleopes in a straight-
forward way.

Often the best way to get students to practice rote mathesnatto give them a prob-
lem that is intrinsically very interesting, but whose sa@utrequires repeated calcu-
lations of the sort that you are trying to get them to practi€e do these rope trick

calculations, the students will need to practice arithmedith fractions and to work

with positive and negative numbers.

2 Getting Started

To demonstrate the trick, you need four students and twdhternaf rope that are about
10 feet long. Heavier rope is better because it is easiertthssknot structure and it is
harder to accidentally pull into tight knots that are diffido work with. Bring at least
one, but better more than one, plastic shopping bags.

Get four volunteers to stand at the corners of a rectangleediront of the class with
each student holding one end of a rope. In the initial conéiion, the two ropes are
parallel to each other and parallel to the front row of saatké classroom. In Figure 1,
the top pair of parallel lines represents the two ropes, hadinall circles at the ends
with the letters “A’. “B”, “C” and “D” represent the student# you imagine that you
are looking down on the students from the ceiling, the rethefclass is seated above
the entire figure.



It's a good idea to make sure that each student has a solidbgrthe rope, perhaps
wrapping the end once around hand so that it is not accidgctapped. During the
trick, no student should ever let go of his or her end of theeropon't let the kids
start jerking on the rope, since if one end comes loose, iefy @asy to lose track
of exactly how the ropes were tangled, and if this occurstribk will fail, and will
become completely non-interesting.

You can explain to the kids that they are going to do sometlikega square dance
where the four students perform one of three “figures”. Algpl&in that the initial
configuration with the parallel, untangled ropes will beigised the number zero, and
that each figure will affect that number in a fixed way. Alsdl, ttee rest of the kids in
the class to pay attention, since you'll swap out sets of kil time to time so that
many more of them can be part of the action.

The only thing that matters is the configuration of the ropdsich student is in which
position does not affect the tangle’s number.

3 The Basic Figures

Conway calls the two main figures “Twist 'em up” and “Turn 'empand”. The un-
fortunate thing about this choice is that they both begilite letter “T”. If you're
trying to analyze the results of various sequences, thate&asy shorthand. Perhaps
“Twist” and “Rotate” are better, since then you can write stinng like “TTRTR” to
indicate that sequence of 5 figures in the dance. In whatvislld will use the names
Twist andRotate, and “T” and “R” as shorthand, especially when there is a saqe

of moves.

When explaining th&wist, make sure that all four students pay attention, since al-
though only two of them perform any particul@wist, they may be arranged differ-
ently later in the dance and will have to do it when they ardase positions.
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Figure 1: Twisting

To perform theTwist figure, the two students on the left change places, with troesit
initially in the rear lifting his or her rope and the studemfiiont stepping under it. As



it is labeled in the figure, students A and B swap places, wBdifts his or her rope
and A steps under it to the rear. In Figure 1 the results ofperihg zero, one, two and
three of theTwist figures are shown from top to bottom. Notice that from the t®in
of view of the students holding the ropes, after startingnfero and performing just
Twist moves, the ropes will appear to twist away from them oiozkwise direction,
and this is true of all the rope-holders. Notice that withre@wist, the positions of
students A and B are swapped. Demonstrate this to the class.

Each time a&wist move is made, the number associated with the tangle is isedday
1, so in Figure 1 the four tangles from top to bottom are reprieskby the numbei,

1, 2 and3. If the tangle’s number is a pure integer like this, then titeger represents
the number of half-twists in the rope.

We will not allow anUnTwist figure in this trick, but if there were one, it would be easy
to do: the same two people on the left change places, butittésthe person in front
raises the rope and the person behind steps under it. SudnBsist figure would
subtractl from the tangle’s number. This is a very obvious concept,iafidvist and
UnTwist were the only two legal moves, it's clear that starting froenaz any positive
or negative integer could be obtained, and if you knew thatlmer, the ropes could be
untangled by performing that number dhTwists or Twists, depending on whether
the number were positive or negative.

The second figurBisplay, does nothing to the tangle; it is simply to display the cendi
tion of the ropes to the rest of the class. To ddigplay, the two people farthest from
the class raise their ropes and the two in front lower thenhedangle is displayed in
an unobstructed way.

The third figure Rotate, has each student move one position clockwise, when viewed
from above. In Figure 1 if we began from the top arrangmenhénfigure, aRotate
would move Ato C’s position, B to A's position, D to B's positiand C to D’s position.

If you were toRotate four times in a row, each student would wind up where they
started. Demonstrate to the class that at least when therendy twists in the rope
(and in fact it will always be true) that twiRotates will return the ropes back to where
they started, even though the students will be on the oppe&les. Perhaps this can
be made clear by reminding the students that the nuldfer example, represents 3
clockwise half-twists of the ropes from the point of view afyaof the students. As
they turn around, nothing is going to change the clockwigentation, so after the two
pairs on the ends have swapped places, they still see thoelkndse half-twists, so
rope configuration is unchanged.

This observation indicates that the operation on the numssociated with the tangle
has to bring it back to where it started if you apply that ofieratwice.

For another clue about what this might be, have the studenthig: Start from the
ropes in a “zero” tangle. Do onBwist (so the number is now). Next do aRotate.
Finally do anothefwist, and the ropes are untangled. This means that aftétakege,
the number must have beeri, since adding to it brings us back to & configuration.
SoRotatechanges d toa—1.

The class will then probably make the reasonable (but wrgng}s that otate move



multiples the number by-1. This makes sense, since multiplying by twice returns
to the initial number. But it's easy to test: Start framdo two Twists followed by a
Rotate. If Rotate multiplies by—1, then the ropes should be in the state, and two
Twists should undo that. Try this, and see that they do not.

Depending on the sophistication of the class, you can eigtiehem the answer, or try
to lead them to it by considering other operations that tumo —1 but not2 into —2,
yet when repeated twice bring every number back to itself.

The correct answer is th&otate takes the tangle represented bwand turns it into

the tangle represented byl /x. Thus, starting from zero, the sequence TTR leaves a
tangle with value-1/2. You can check this by starting from zero, doing a TTR (which
should leave-1/2), then doing a T (yielding a value ef1/2 +1 = +1/2),thenan R
(yielding —2) and then a TT brings you back to zero.

See if the kids can figure out how to get a TTT (with vaR)dack to zero. It's a little
bit complicated and requires 8 steps:
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4 Getting to Zero

At this point you can begin to consider how an arbitrary timgttan be converted back
to the untangled state using only theist andRotate commands. You might begin by
having the kids suggest moves that tangle the rope a littlepkrhaps seven or eight
steps, but carefully keeping track of the numbers. For noskarsure they start with
at least twoTwists and mix in bothTwists andRotates after that.

If they try to do twoRotates in a row, point out that although this is perfectly lega& th
secondRotate undoes the first, so the two moves taken together achievegoth

What you can do is collect move suggestions from differeds kkeeping track of the
tangle’s number until it is “suitably” complex. Also, as asfiexample, stop them after
aTwist command has left the number positive. For example, the segUETRTTTRT,
starting from zero, leaves a tangle with associated numierThis is a nice number
since it doesn’t have numerator or denominator that’s tap but it is complicated
enough to be interesting. We'll use this example in whabfed.

Tell the kids that their goal is to get the numk3g¢6 down to zero using onlfRotate
andTwist commands. As a first hint, tell them thbwist will add 1 which will take the
number even farther away from zero, so to make progressigossible command
is Rotate. We now have-5/3.

Point out now that anothdtotate will just undo the one they did, so the only reason-
able next step is @wist, yielding—2/3. At this point aRotate will not put you back
where you started, but it would yield a positive number, drat tan't be good, since
anotherRotate is useless, and one or mofevist commands would take the number
away from zero. Thus from2/3, the only reasonable move is anotfwiist, yielding
1/3.



Repeating the arguments above, we clearly neBotate, taking us to—3, and then
three Twists get back to zero. Go ahead and do this with the ropes and ikt
indeed it does untangle the mess.

If you haven't done it already, this is a good time to swap irea set of four students.

Now for the best part: make another tangle, a bit more indbhman the last one,
andonce it's created, put the tangle into a bag as followke &gplastic bag and make
two small holes in the corners opposite the opening. Takeothes, one at a time, from
the two kids on the left and feed them through the holes anH twathe kid. Pull the
bag opening over the tangle and tie the whole thing shut $éhtbaangle is completely
enclosed in the bag.

Finally, carefully apply the steps that undo the tangle ahdmyou’re done, there will

be a horrible snarl of ropes and plastic, which, if you've mad mistakes, should be
equivalent to zero. To prove it, tear the plastic bag inte@seto extract it from the

tangle, and then with a few tugs, the entire mess will appeandgically untangle

itself!

It's sometimes fun to do this more than once, so bring morne time plastic bag to the
class.

5 Discussion Topics

Here are a few ideas that may lead to interesting class disoss

5.1 Infinity as a Tangle Number

Try starting with zero and do a singRotate. This yields the nonsense valud /0,
but it's not a nonsense tangle. Anotheotate will bring it back to zero, and in fact,
it sort of behaves like “infinity” in the sense thaflavist (try it) leaves it exactly the
same. This sort of corresponds to the idea that adtlilogo leaves it unchanged.

5.2 Proof of Convergence to Zero

Can you prove that the scheme outlined above will alwaystediy grind any initial
fraction down to zero? Go through a few examples and see wihaidpening. Here is
an example starting from5/17:
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Note that after eacRotate command, the resulting negative fraction has a smaller
denominator. Why is this? If the denominators always ewahtiget smaller, they
must eventually get ta. But that will be a negative integer, and we know that that
number ofTwist commands will reduce it to zero.



5.3 Relationship to the Greatest Common Denominator

If the students are a bit advanced, you can point out that theegs of reducing the
fraction down to zero is almost exactly the same as findingthatest common divisor
(the GC D) of the numerator and denominator. Since we begin with dgitraceduced
to lowest terms, this will always get us downtas theGCD.

Euclid’s algorithm for calculating th&C' D of two numbers works as follows. If the
two numbers aren andn, and supposing that, > n, we can write:m = kn + [,
wherek is an integer andl| < n. Any number that dividesn andn must divide
1 in the equation above, so we can conclude tH&tD(m,n) = GCD(n,l). The
numbers in the right hand side are reduced, and the procedsea®peated until one
is a multiple of the other.

Here is an example: find théC D of 4004 and700:

4004 = 700 x 54 504
700 = 504 x1+196
504 = 196 x2+112
196 = 112x1+484
112 = 84 x 1428

84 = 28 x 3.

TheGCD of 4004 and700 must divide504 from the first line, sa&ZC' D(4004, 700) =
GCD(700,504). The same process can be continued to obtain:

GCD(4004, 700) = GCD(700,504) = GCD(504, 196)
= GCD(196,112) = GCD(112,84) = GCD(84, 28).

But 84 is an exact multiple 028, so GC'D(84,28) = 28, and we can therefore con-
clude thatGC D(4004, 700) = 28 as well.

Note that there is no requirement that the numbers on the gihd sides of the se-
quence of reductions be positive. All that we require forv@gence is that they be
smaller in absolute value than the smaller of the two valaew/hich you are trying to
obtain theGC D. Also note that division can be achieved by repeated suimra@and
if you simply check to see if the subtraction yields a non#pasnumber, you know
you have gone far enough. It's sort of like backing up younadil you hear breaking
glass, but it works!

With all that in mind, let’s find theZC' D of 5 and17 using this totally crude method:

5 = 17x1-12
17 = 12x145=12%x2-7
12 = 7Tx145=7Tx2-2
= 2X145=2x243=2x3+1=2x4-1
2 = 1x14+1=1x2+0.



Note the similarity of this method to the one we used to obf&ihD (4004, 700) above.
But this time, rather than doing a division, we do repeatddraigtions until the remain-
der is zero or negative. Then we use the (positive value efy¢émainder in the next
step. We finally discover thadtdivides2 evenly, soGCD(5,17) = 1. Now compare
this sequence to the one that reduces the tangle vali&7 to zero at the beginning
of this section. You will see that the calculations are \aftyidentical.

5.4 What Tangle Numbers Are Possible?

Is it possible to start from zero and get to any (positive ajatiee) fraction? Have the
students mess around for a while and see what fractions #regame up with. Also,
set goals, such as, “Can you start from zero and get3®” If there is no progress,
here is a giant hint:

3 R 1 7 2 rp 3711 r 277
- s - = - Y - —5 —— —=0
1 3 3 2 2 1
7T 2 R lrr3 r 2 r 1 rp 3
0 — _ = — —— - ——
1 2 2 3 3 1

If we start from3 and work our way to zero using the methods we have used before,
the sequence RTRTTRTT does the trick. But now note that if tag from zero and

use the reverse of the sequence above, namely: TTRTTRTRe#te g3. Also, note

that at every stage in the sequence, the same fractions aeeaded, except that they
have opposite signs.



